Abstract. We present theoretical and simulation studies of the linear selffocusing of frequency modulated electron whistlers in plasmas. A comparison has been made between analytical results of a wave-kinematic model and a direct simulation of the whistler wave equation. The self-focusing of whistlers comes about due to the specific form of the whistler mode dispersion, which allows the whistler wave energy to be transported at different speeds for waves with different wavelengths, and where the waves with larger group speeds overtake waves with lower speeds. Our numerical results are also compared with recent experiments, which report the frequency-modulated whistlers and their rapid localization in plasmas.
Introduction
It is well known [1] that electron whistlers in space plasmas are generated by lightning flashes and by free-energy sources involving electron temperature anisotropy and electron beams. Electron whistlers are right-hand circularly polarized electromagnetic waves whose phase and group speeds vary with frequency. Thus, different frequencies arrive at different times at a specific location in space; for low-frequency whistlers, the low frequencies arrive later, giving rise to the descending tone.
Large amplitude whistlers can initiate several nonlinear effects [2] , such as the whistler amplitude modulation associated with the modification of the background plasma density and magnetic fields. Stenzel [3] experimentally demonstrated the creation of a magnetic fieldaligned density trough by the ponderomotive force of localized electron whistlers. Instruments on board the CLUSTER spacecraft have been observing broadband intense electromagnetic waves, correlated density fluctuations and solitary waves near the plasma pause as well as at the magnetopause and in the terrestrial foreshock [4] , revealing the signature of whistler turbulence in the presence of density depletions and enhancements. Observations from the Freja satellite [5] also exhibit the formation of envelope whistler solitary waves accompanied by plasma density cavities.
In the past, a theoretical investigation predicted the self-channelling of electron whistlers and the creation of a localized density hump [6] . Accounting for the spatio-temporal-dependent whistler ponderomotive force [7, 8] , investigations of the modulation and filamentation of finite amplitude whistlers interacting with magnetosonic waves [9] - [11] and ion-acoustic perturbations [12, 13] have been carried out. Theoretical [14] and numerical [15] studies of whistlers show the modulational instabilities of coupled whistlers and magnetosonic perturbations in the two-dimensions perpendicular to the external magnetic field direction, while a numerical study [16] shows the formation of solitary waves of coupled magnetic field-aligned whistlers and ion-acoustic perturbations.
Observations from a recent laboratory experiment [17] exhibit a clear evidence of the self-focusing of whistlers, which has been partially explained by means of a wave-kinematic model [18] . The latter is used in hydrodynamics [19] to explain the occurrence of rough waves on the open sea. In this paper, we present a wave-kinematic model for the self-focusing of whistlers due to dispersive effects. The wave-kinematic results are also compared with a direct simulation of the whistler wave equation. The relevance of our theoretical results to a recent laboratory experiment dealing with the frequency-modulated whistlers is discussed.
The whistler wave equation
We consider the propagation of right-hand circularly polarized modulated whistlers of the form 
where the group speed v g = 2(1 − α)ω 0 /k 0 , and the parallel (to the external magnetic field directionẑB 0 , whereẑ is the unit vector along the z-axis and B 0 is the strength of the ambient magnetic field) and perpendicular group dispersion coefficients are
, respectively, and where α = ω 0 /ω ce . Equation (1) is the basic model for whistlers, whose properties will be compared to those deduced from a wave-kinematic model below. We note specially that non-zero values on v g may lead to the dispersion of localized wavepackets, and also, as we will investigate numerically below, to the linear self-focusing of whistlers and the creation of large-amplitude spikes in the wave electric field.
Wave-kinematic model for the frequency-modulated whistlers
By assuming that the amplitude and frequency modulation of the whistlers are on space-and timescales much longer than the whistler oscillation period and wavelength, respectively, one can model the propagation of the quasi-monochromatic whistlers with a wave-kinematic model [20] . In this model, it is assumed that all the information of wave propagation is strictly contained in the wave group velocity, without energy loss due to dispersion. The spatio-temporal variation of the local frequency ω is then given by
where c g is the local group speed of the wave, obtained from the linear dispersion relation
pe ) is the whistler frequency, which depends on the local wavenumber k(z, t). By using ∂ω/∂t = (dω/dk)∂k/∂t and ∂ω/∂z = (dω/dk)∂k/∂z, we have
describing the spatio-temporal changes of the local wavenumbers. Equation (3) has the selfsimilar solution
where ξ = z − c g (ξ)t and wherek is determined from the initial condition for k at t = 0. Multiplying equation (2) by dc g /dk, we also obtain
with the solution
wherec is obtained from the initial condition for c g . The spatial slope of the solution varies with time as The wave amplitude is determined from the energy balance equation
with the explicit solution We see that if dc/dξ < 0 (or dc/dz < 0 at t = 0), the solution will blow up and becomes infinite at time t = t * = 1/|dc/dξ| max , and the wave has then propagated through the distance z * = v g t * . If the wave number modulation k 1 is small compared to the carrier wavenumber k 0 , we then have
and similarly with k(ξ) = k 0 +k 1 (ξ), we havec(ξ) ≈ v g + v gk 1 (ξ), so that the wave amplitude (9) takes the form
where
Equations (10) and (11) describe the wave-kinematic model which we will apply to the frequencymodulated whistlers. We will now assume that the whistlers are initially frequency modulated so that
where the modulation wavenumber K k 0 . On the other hand, we have ω(
, so that the wavenumber modulatioñ
We consider a phase-and amplitude-modulated whistler wave of the form
where we assume the phase modulation φ(ξ) = φ 0 sin(Kξ) is the phase perturbation of the wave, yielding the wavenumber modulationk 1 (ξ) ≡ dφ/dξ = Kφ 0 cos(Kξ) so that, by comparing this expression with equation (13), we have φ 0 = ω 0 a/Kv g . We can now calculate the blow-up time from the relation
Inserting the expression fork 1 (ξ) into Equations (10) and (11), we can now evaluate the solution for different z and t by first solving equation (11) for ξ, and then evaluate |E| in equation (10).
Numerical results
In order to study the time-dependent behaviour of the frequency-modulated whistler envelopes, we have solved numerically equation (1) and compared the results with the solution of the wave-kinematic model (10) and (11) . For this purpose, we have used the plasma parameters reported in a recent experiment [17] , where frequency-modulated whistlers were studied. We assume a magnetized plasma where the magnetic field is B 0 = 65 G and the electron number density n 0 = 1.2 × 10 12 cm −3 , yielding the electron plasma and gyrofrequencies ω p0 = 6.7 × 10 10 s −1 and ω ce = 1.76 × 10 9 s −1 , respectively. The whistler frequency is taken to be ω 0 = 2π × 160 × 10 6 s −1 , so that α = 0.57, the whistler wavenumber k 0 = 2.5 cm −1 , the group velocity v g = 3.5 × 10 8 cm s −1 , and the group dispersion coefficient v g = −1.75 × 10 8 cm 2 s −1 . We will assume a relative modulation of the whistler frequency of a = 0.05 and a wavenumber of the modulation of K = 47 × 10 −3 cm −1 , giving a spatial periodicity of ∼130 cm and a temporal periodicity of ∼130 × v g = 0.38 × 10 −6 s of the frequency modulation. We first consider the whistler differential equation (1) . For the axial modulation of the electric field, we multiply equation (14) of the electric field at three different times. We see that the amplitude quickly becomes amplitude modulated in the axial direction, while the Gaussian shape in the radial direction is maintained. At t = 0.64 µs, sharp peaks have been created in the solution. In order to compare the numerical solution with the wave-kinematic theory, we have plotted the profile of the electric field at the centre of the pulse (r ⊥ = 0) in figure 2 . We observe that the amplitudes of the pulses reach approximately twice the amplitude of the initial envelope. Inserting the numerical values into equations (10), (11) and (13), we have
Equation (17) has been solved numerically for ξ by means of Newton's method. The result is shown in figure 3 , and by comparing with figure 2, we notice that the solutions are almost identical at t = 0.32 µs (middle panels), while the wave-kinematic approximation becomes more spiky than the numerical solution at t = 0.64 µs (lower panels). The wave-kinematic model predicts an infinite amplitude of the solution at the focusing time t * = 0.85 µs and a focusing distance z * = 300 cm, but in the simulation of equation (1) the waves are dispersed, so that the wave amplitude remains finite. This is illustrated in figures 4 and 5, where we show the numerical solution at times larger than the focusing time. We observe that the localized wave envelope begins to break up into narrow multiple maxima, clearly seen at t = 1.60 µs (lower panels). At even later times, the waves defocus and the amplitudes rapidly decrease down to approximately the initial amplitude. 
Summary
In summary, we have presented a wave-kinematic model for frequency-modulated whistlers, which describes the focusing of the whistler energy due to dispersive effects. A numerical analysis of the wave-kinetic model and a simulation of the whistler wave equation reveals that the whistlers focus and form sharp spikes after a well-determined focusing time and focusing distance. For times larger than the focusing time, our simulation shows the de-focusing of the spikes, analogous to the case of water waves [19] . Recent experiments with the frequency-modulated whistlers [17, 18] show a similar focusing of whistlers, but there the waves are well-separated solitary waves after some time, which indicates that some nonlinear effect might be important.
